
VI.—Note on Confocal Conic Sections. By H. F. TALBOT, Esq.

(Read 17th April 1865.)

A short paper of mine on FAGNANI'S theorem, and on Confocal Conic Sections,
was inserted in the twenty-third volume of the Transactions of the Royal Society.
Some of the conclusions of that paper can, however, be obtained more simply, as
I will now proceed to show.

I will, in the first place, resume the problem—
" To find the intersection of a confocal ellipse and hyperbola."
Since the curves have the same foci, and therefore the same centre, let the

distance between the centre and focus be called unity, since it is the same for
both curves. Let a, b,-be the axes of the ellipse, A, B, those of the hyperbola.
Then we have 1 = a2 — V = A2 -I- B2, which equation expresses the condition of
confocality.

X2 V2

The equation of the ellipse will be -r + 4$ = 1, and that of the hyperbola

-̂ 2 - -Jp = 1- But at the point of intersection x and y are the same for both

curves. We have therefore two equations from which to determine two unknown
quantities. The result is one of unexpected simplicity. (See Vol. XXIII. p. 295.)

x = Aa , y = B& .

The theory of the Conic Sections has been so much studied, that I can scarcely
suppose that a result of such extreme simplicity, and so fruitful in remarkable
results, should not have occurred to some previous mathematician. I have no
had the opportunity of late of consulting many treatises on the Conic Sections,
but in those which I have examined I have not found this theorem.

I will not here repeat the proof which I gave of it in my former paper, since
it suffices to show that these values of x and y satisfy both the given equations.

In fact, if we put x — Aa and y — B6, the equation -§- + -%» = 1 becomes

X2 V2

A2 + B2 = 1, which is true, and the equation -^ - ^ = 1 becomes a? — b2 = 1,
which is also true.

This fundamental theorem being thus established, I shall proceed to show how
easily the theorem of page 296 follows from it, viz.,
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" If two ellipses and two hyperbolas have all of them the same centre and
foci, and therefore intersect in four points, forming a curvilinear quadrilateral, the
diagonals of this quadrilateral are equal."

There will, of course, be a similar quadrilateral on the other side of the axis
major.

In proof of this theorem, it is sufficient to calculate the value of one diagonal,
for since that is found to be a symmetrical function of the four greater axes of the
given curves, the second diagonal has necessarily the same value.

This may be shown thus (Vol. XXIII., fig. 15, p. 296). Adopting the former
notation, the square of one of the diagonals, or D2 = (x — xf + (y — y)2

where
x = Aa y = Bft

x = Aa y = B6

... D2 = {o? + y1*) + (f + f) - 2xx - 2yy

But xx = kkaa, which is a symmetrical quantity, being the product of the four

major axes :—and yy — BB55 is a symmetrical also, being the product of the four

minor axes.
Therefore it remains to show that (x° + y2) + {x1 + y'2) is a symmetrical

quantity.
Now

x2 + y2 = AV + B2fc2

but
B262 = (1 - A2) (a2 - 1) = - 1 + (A2 + a2) - A2«2

.-. ^ + y- = (A2 + a2) - 1.
And similarly

3J2 + y2 - (A2 + a2) - 1

••• O2 + y2) +(f2 + f) = (A2 + A2 + a2 + a2) - 2

which being a symmetrical quantity, the truth of the theorem in question is
demonstrated.

From this theorem many others may be deduced; some of which I have given
in my first memoir. The following elegant theorem was communicated to me by
CHARLES H. TALBOT, Esq.

" If the direction of one of the diagonals passes through the focus, that of the
other diagonal passes through the other focus."

Demonstration.—First take the general case in which neither diagonal passes
through a focus (see fig. 1). Let the diagonals be PP', QQ'; join HP, HP' and
SQ, SQ,';—then I say that.HF—HP = SQ'—SQ.
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For, by a theorem in my former paper (p. 295), if two confocals intersect, the
focal distance of their intersection equals the distance between their vertices.

A S V' V H B B'

Fig. 1.

Thus, if AP be the ellipse, and VP the hyperbola (fig. 2), AB the major axis,

Fig. 2.

S, H, the foci; SP will be equal to AV, and HP to BV.
Therefore in fig. 1 we have

HF=VB, HP=VB, SQ'=A'V, SQ=AV

.-. HF-HP=VB-VB=VV+BB'
and SQ'-SQ=A'V-AV=VV + AA'

.-. (since AA' = BB') H F - H P = SQ'-SQ.

This, of itself, is a curious theorem. The other follows immediately from it.

For, in the particular case, where H P P is a straight line, HP'— HP is the
diagonal PP', which is always equal to the diagonal QQ'.

Therefore, in this case, SQ'— SQ = QQ', and therefore SQQ' is a straight line,
which was to be proved.

Another theorem which I have found concerning these quadrilaterals is the
following.

" If one of the diagonals is a tangent to the inner ellipse, the other diagonal
is so likewise."

I omit, for the present, the demonstration of this, which is not difficult.
I deduced from GRAVES'S theorem in my former paper the remarkable conse-

quence, that if a triangle or other polygon is inscribed to the one, and circum-
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scribed to the other, of two confocal ellipses, its perimeter is constant, at what-
ever point of the exterior ellipse it is supposed to commence.

But the truth of this can be shown without any reference to GRAVES'S theorem,
from the simple consideration that two consecutive sides of the triangle make
equal angles with the periphery of the exterior ellipse. Hence if the point of
departure, or vertex of the triangle, suffers a very small displacement, the three
sides increase or diminish at one end by three small quantities 8, 8\ 8" (generally
speaking all different).

Let us suppose this to occur at the right extremity of each of the three lines,
then it is evident that the increments (or decrements as the case may be) which
occur at their left extremities will be — 8", —8,-8' respectively (because each
side gains at one end what the following side loses there). Therefore the total
increase of the perimeter = (8 — 8") + (8'— 8) + {8"— 8') = 0. A much more
general theorem can be proved in the same way. " If a triangle cirumscribes an
ellipse, and. its three angles rest upon the peripheries of three other ellipses (all
four having the same foci), the perimeter of the triangle is constant."

I find that CHASLES has given this theorem (although without proof) in his
memoir, which I have already quoted (see my last paper, p. 287). The same is
true of polygons of n angles resting upon n confocal ellipses.

I will conclude this short note by giving a curious property of the circle, com-
municated to me by C. H. TALBOT, Esq.

" If three concentric circles (fig. 3) are described from any centre S, with

•H

radii m, m + h, m + 2h. And if three other concentric circles intersecting them
are described from any other centre H, with radii n, n + h, n + 2h [m, n, h having
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any values]; then the chord of PQ', the middle arc of one series, equals the
chord of P'Q, the middle arc of the other series."*

Demonstration.—In each series of circles the radii have a common difference
h, which may be called the interval between them. P and P' are two points in
the same ellipse of which S, H, are the foci, because in passing from P to
P', SP increases by one interval h, and HP diminishes by the same, therefore
SP + HP remains constant.

By similar reasoning Q and Q' are two points in a second ellipse having same
foci. Moreover P and Q are two points in a hyperbola of which S, H, are foci;
because in passing from P to Q, both HP and SP increase by one interval h, and
therefore HP — SP remains constant, and equal to HQ — SQ.

By similar reasoning P' and Q' are two points in a second hyperbola having
same foci. Therefore P, P', Q, Q' are the intersections of two ellipses and two
hyperbolas, all confocal. Therefore the diagonals PQ', P'Q are equal to each
other.—Q.E.D.

This property of the circle should be readily demonstrable by EUCLID'S

Elements; a simple geometrical demonstration is, however, at present a desi-
deratum.

* The second or middle circle of one series must be understood to be limited by the first and
third circles of the other.
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